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In the paper [Phys. Rev. Research 2, 032038] we have analyzed a chiral soliton model and shown
that despite the claim of O¨hberg and Wright [Phys. Rev. Lett. 124, 178902], there is no indication
that a genuine quantum time crystal can be observed in the system. Here, we response to the recent
comment on our paper written by O¨hberg and Wright.
A genuine quantum time crystal would be a system
which would reveal periodic evolution in its lowest energy
state. Quantum time crystals were proposed by Wilczek
who considered attractively interacting bosons on a one-
dimensional ring [1]. In the presence of a magnetic-like
flux α penetrating the ring, bosons were expected to form
a bright soliton wavepacket that would move periodically
along the ring even if the energy of the system was min-
imal. It turned out that it was not possible because in
the limit of the number of bosons N → ∞, the lowest
energy solution was always stationary [2–4]. O¨hberg and
Wright (OW) considered the mean-field description of a
similar Bose system - but in the presence of a density-
dependent gauge potential - which hosts chiral solitonic
solutions [5]. They claimed that, contrary to the origi-
nal Wilczek’s model, a chiral soliton model could reveal
a genuine time crystal behavior. There is already a de-
bate in the literature which can be shortly described as
follows:
1. The conclusion based on the mean-field results pre-
sented in the initial article by OW [5] was not cor-
rect due to an erroneous expression for the energy
of the system in the laboratory frame employed by
OW, which we pointed out in Ref. [6] and which
was admitted in Ref. [7].
2. However, in their response [7], OW still claimed
that a genuine time crystal could be observed in
the system due to the quantization of a chiral soli-
ton’s velocity if a soliton was not represented by a
strongly localized wavepacket on a ring. In Ref. [8],
we have shown that for the mean-field equations
OW consider, there exists a larger class of solutions
where solitons can move with any velocity and the
laboratory frame energy is always minimized by a
stationary soliton solution. Consequently there is
no evidence for a genuine time crystal.
3. In the present comment [9], OW sustain that a gen-
uine time crystal can be observed in the system if
the limit N →∞ is not taken. Their claim is sup-
ported by no evidence.
In all mentioned papers, Refs. [5, 7, 9], OW describe
the Bose system within the mean-field theory which im-
plicitly assumes the N → ∞ limit. The mean-field
equations possess chiral solitonic solutions. Regardless
of whether the solitons are or are not strongly localized
on a ring, there is no quantization rule for the soliton
velocity. All soliton solutions found minimize the energy
if they do not move. The large N limit is necessary in
order to ensure that a soliton lives forever. For N <∞,
it is in principle possible to have a periodic evolution of a
soliton when we start from the ground state, but its life-
time cannot be infinite due to the quantum fluctuations
[3]. In Ref. [9] OW claim that the lifetime of a soliton
for N <∞ can be long enough to observe the time crys-
talline behavior, but they provide no evidence that it is
true. Their arguments concerning the non-zero flux of
bosons along the ring in the ground state of the system
for N <∞ can be also applied to the original Wilczek’s
model [1], where the lowest energy state corresponds to
the total momentum P = 2pin with n ∈ Z minimizing
the center of mass kinetic energy (P − αN)2/(2N) (as-
suming the unit ring circumference and m = ~ = 1).
When the interparticle attraction is strong enough, then
a bright soliton forms spontaneously and is expected to
propagate with a velocity P/N −α, which in the ground
state can be nonzero for N < ∞ only [3]. The crucial
question is whether for N <∞ the period of the soliton
motion along the ring is shorter than the time needed
to spread the soliton along the ring due to the quantum
many-body effects. To address this question it is suffi-
cient to consider αN ∈ (−pi, pi), for which the ground
state corresponds to n = 0. Note that the soliton veloc-
ity is maximized when the magnetic-like flux |α| → pi/N .
Thus, following the idea presented in Ref. [3], we analyze
a density-density correlation function ρ2(x2, t2;x1, t1) ∝
〈ψˆ†(x1, t1)ψˆ†(x2, t2)ψˆ(x2, t2)ψˆ(x1, t1)〉 for αN = 0.99pi
and the strength of the attractive interactions between
particles given by g0(N − 1) = −12.5, where ψˆ is the
bosonic field operator and g0 denotes the strength of the
attractive two-body contact interactions. Note that in
the mean-field description a bright soliton on a ring ap-
pears in the ground state for g0(N − 1) < −pi2 (see for
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FIG. 1: Comparison between the lifetime tc and the period
T = N/0.99pi of the soliton’s motion around the ring for differ-
ent numbers of particles N . Note that tc (red dots) increases
linearly with N (dashed black line represents the linear fit)
and is more than 10 times shorter than the period T (note
that blue dots correspond to T/10). For illustration, in the in-
set we present how the soliton structure visible in ρ(x, t) dies
out in time for N = 20. Vertical dotted lines guide the eye
and indicate the position of the soliton clump in four different
time moments t = {0, 0.2, 0.4, 0.6}.
example Refs. [10, 11]). Therefore our choice of parame-
ters guarantees a formation of a bright soliton wavepacket
that is not strongly localized and propagates with 99%
of the maximal velocity if we start with the ground state
of the system consisting of N < ∞ bosons. To break
the space translation symmetry possessed by the ground
state of the translationally invariant system we perform
an initial measurement of a single boson at x1 = 0.5 and
at t1 = 0. Thanks to this, we can monitor a temporal
behaviour of the single particle density after the initial
measurement, ρ(x, t) = ρ2(x, t; 0.5, 0), which reveals a
soliton-like wavepacket propagating along the ring with
the expected velocity −0.99pi/N and decaying in time
due to quantum many-body effects. The lifetime tc of the
soliton can be estimated basing on the contrast quantity
C(t) = {maxx[ρ(x, t)] − minx[ρ(x, t)]}/{maxx[ρ(x, t)] +
minx[ρ(x, t)]} (see also Ref. [3]). Here we define tc as the
minimal time for which C(tc) ≈ 0.5C(0) ≈ 0.34. In Fig. 1
we show that in the Wilczek’s model regardless of how
small N one chooses, it is not possible to observe even a
single revolution of a soliton before it spreads along the
ring. As there is no evidence that the situation is dif-
ferent in the case of the chiral soliton model, there is no
argument to claim that a time crystal dynamics can be
observed in the system.
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